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Learning Outcome(s) M

We lead

By the end of this WEBEX, students should be able to:

Define the inverse Laplace transforms.

Determine the inverse Laplace transforms by using
related formulae.

Determine the inverse Laplace transforms by using
partial fractions.

Determine the inverse Laplace transforms by using
convolution theorem.

Use the Laplace transform to solve initial value

problems.
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1.4 Inverse Laplace Transform kM

We lead

By definition, the inverse Laplace transform
operator, L™, converts an s-domain function back
to the corresponding time domain function:
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1.4 Inverse Laplace Transform

L7HF(s)}

t domain s domain
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1.4 Inverse Laplace Transform

Definition 1.8 (Inverse Laplace Transform)

If L{f(t)} =F(s), then f(t) is called inverse
Laplace transform of F(s) and is written as

L7HF(s)} = f(®).

This transform is written symbolically as L~ HF(s)},
where L7! is interpreted as inverse Laplace
operator.

‘- ®
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1.4 Inverse Laplace Transform

COMMON MISCONCEPTION:

1
L7l ==
L

THE CORRECT CONCEPT:
L1 £ L
L
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1.4 Inverse Laplace Transform M
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Table of the Laplace Transform of Elementary

Functions: _
L-YF(s)} = f(t).
F(s) f(t)
a
- a
S
n! N _ '
p i mesl, 2 39
1 ) eat
s—a
- sin at
s2 + a®
- cos at
32 + a?
a .
Ry sinh at
s
R cosh at
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Example 1 M
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Find the inverse Laplace J:l g :,Zj
K

transforms of the following
expressions. :7)_:4

%I BN

Solution:

Rakaman ini tidak boleh disalin, dimuat naik atau diedar tanpa kebenaran Pusat Pengajian Pendidikan Jarak Jauh, USM
You are not allowed to copy, upload or distribute this recording without the prior consent of School of Distance Education, USM




Example 2 M

We lead

Find the inverse Laplace transforms of the following expressions.
6
g4

Solution:

-
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Example 3 kM
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Find the inverse Laplace b |
transforms of the OL {

following expressions.

: o
s+5

Solution:
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Find the inverse Laplace a 738
transforms of the AN 52 _ z
following expressions.

7S S
s2 —4
Solution:
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Find the inverse Laplace <)~“ (f 2
transforms of the €35

following expressions. J\

2S
1652 +9

Solution:
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1.5 Properties of Inverse Laplace Transform [H{I§};
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Theorem 1.11 (Linear Property of Inverse Laplace Transform)

if L7H{F(s)} = f(t)and L7{G(s)} = g(1),

and a and 8 are constants then:

L Ha F(s) + B G($)} = aL ™ {F ()} + BLTHG())
= a f(t) + B g(t)
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Find the inverse Laplace transforms of the following expressions.
4s + 15

s2+49

Solution:

1 {45 + 15}
s2+9

N 4L_1{SZS+ 9} T 5{521 9}
S 3
=4 {52 + 32} > {52 + 32}

By looking Table of Inverse Laplace:
= 4 cos3t + 5sin 3t

> \ \J
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1.5 Properties of Inverse Laplace Transform [H{I§};
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Theorem 1.12 (First Shift Property of Inverse Laplace Transform)

If LY F(s)} = f(t) and a is a constants then:
L7 F(s —a)} =e* (1),

or alternatively:
LTYHF(s—a)}=e¥*L Y F(s)}
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Find the inverse Laplace transforms of the following expressions.
3

2s — 6
Solution:
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Find the inverse Laplace ?;;;fz
transforms of the following
expressions. =i

2s +5
(s + 3)?

Solution:
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1.5 Properties of Inverse Laplace Transform [H{I§};
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Theorem 1.13 (Second Shift Property of Inverse Laplace Transform)

If LY F(s)} = f(t) and a is a constants then:

L7He ™ F(s)} = f(t—a) H(t — a),

where
H(t) is a unit step function.
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Find the inverse Laplace transforms of the following expressions.

e—ZS

g2
Solution:

—2S

> we have a = 2 and F(s) =Si2

From e~ %SF(s) = =

Thus, f(t) =Ll =t  and f(t-2)

By using second shift theory,
—2s

£ 852 = F(t—2)H(t —2) = (t — 2)H(t - 2)

> AL
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1.6 Inverse Transform of Rational Function \[[."M

We lead

* The inverse Laplace transform of rational
functions can be simplitied by using partial

fractions.
 The rational function of s is considered as:
N(s)
D(s)

where the degree of D(s) > degree of N(s).

* The rules of partial fractions are vital in finding
the inverse Laplace transform in term of
fraction or rational function.
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1.6 Inverse Transform of Rational Function

M
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. N(x) ; Partial Fraction Form
Case | Fraction D) Form of denominator, D(x) fiwkererh. B and € sre Lnknown sonsianis)
N(x) . A B
1 @c+blex+d) Linear Factors o + ~ &0
N(x) : A B
(ax + b)? Repeated Linear Factors b + (@x + D)’
2
N(x) Linear and Repeated A N B C
(ax + b)(cx + d)? Linear Factors ax+b cx+d (cx+d)?
5 N(x) Ll:ehar ancti bQ;Ja:jrgtlcc‘; R . Bx + C
(ax + b)(X2 = C2) (which cannot be factorised) = T
Factors
%
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Find the inverse Laplace transforms of the following expressions by
using partial fractions.

1
(s+1)(s—2)
SOLUTION:
Express the fraction as sum of two fractions,
1 A B

(S+1)(s—2)=5+1+s—2
Equate the denominators,
1 _A(s—2)+B(s+1)
s+D(s—-2) (s+D(s-2)

Ifs =2
AR2-2)+B2+1) =1
3B =1
1
B_s

. v
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Example 10

SOLUTION (CONT..):

Ifs =—1
A-1-2)+B(-1+1) =1
—3A=1
1
4=-3
Therefore,
1 ®
(S+1)(S—2)_S+1+S—2
1 1/ 1 1 1
(s+1)(s—2) _§(s+1)+§(s—2)
1 1 1 1/ 1
(s + (s — 2) _5(5—2)_§(s+1)
Hence,

L {(s " 1)1(5 - 2)} =L {% (S - 2)} - g (g -|1- 1)}

/) @
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Example 10

SOLUTION (CONT..):
1 1 1 1 1
L {(s + 1)(s — 2)} N §L_1 {(s — 2)} B §£_1 {<s + 1)}

~
L)
S

(4

:
P\
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1.7 Convolution Theorem of Laplace Transform M."M
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 Sometimes it is possible to write a Laplace transform H(s)
as H(s) = F(s)G(s), where F(s) and G(s) are the transforms of
known functions f and g, respectively. In this case we might
expect H(s) to be the transform of the product of fand g.
That is, does

H(s) = F(s)G(s) = L{f }L.{g} = L{f g}?

Theorem 1.14 (Convolution Theorem)

If £-1 {F(s)} = f(t) and £~ {G(s)} = ¢(t), then

o {F (s)} = /j g(t — u) du.

Rakaman ini tidak boleh disalin, dimuat naik atau diedar tanpa kebenaran Pusat Pengajian Pendidikan Jarak Jauh, USM
You are not allowed to copy, upload or distribute this recording without the prior consent of School of Distance Education, USM




ﬁ We lead

.

M

By using convolutional theorem, find the inverse laplace
transforms of the following functions.

1
(s+1)(s—2)

Solution

Rewrite as:

Then,

@

1 1
s+1 s—2

1

F(s) =

G(s) =
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By using convolutional theorem, find the inverse laplace

transforms of the following functions.
1

(s+1)(s—2)

Solution

The inverse Laplace transform of F(s)

f®)=et
fu=e™

The inverse Laplace transform of G(s)

— 2t
g(t) =e
— ,2(t—u
g(t —u) = e2tW
' Q
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By using convolutional theorem, find the inverse laplace
transforms of the following functions.
1

(s+1)(s—2)

Solution

1 t
£‘1{ }=j e U, e2(t-Wqy
s+ 1)(s —2
( )( )t 0
€2tj e—3u du
° 1
eZt[—ge
1

— § (eZt _ e—t)

g
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By using convolutional theorem, find the inverse laplace

transforms of the following functions.
S

(52 + 1)?

Solution

Rewrite as:
1 S

s24+1 s2+1

Then,

F(s) = —

S241

S
S241

G(s) =

> /
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By using convolutional theorem, find the inverse laplace

transforms of the following functions.
S

(s? 4+ 1)?

Solution

The inverse Laplace transform of F(s)
f(t) =sint
f(u) =sinu

The inverse Laplace transform of G(s)
g(t) =cost
g(t—u) =cos (t—u)

' Q
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By using convolutional theorem, find the inverse laplace

transforms of the following functions.
S

(s? 4+ 1)?

Solution

t

s

L‘l{ } = f sinu cos(t — u) du
(s?+ 1)? 0

1t
1t t
—|usint — =cos(2u — t)]
21 0

{sinu + cos(t —u)} du

2

—1t In t
=5 sin

' Q
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-

* Laplace transform is an effective way to solve
ode, especially nonhomogeneous equation
with input function in the form of special
functions such as step or delta functions.

* This section discusses the implementation of

Laplace transform in solving initial value
problem (IVP) and boundary value problem

(BVP).
* Thus, it will involve common derivatives.
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1.8 Applications of Laplace Transform

Theorem 1.15 (Transforms of Derivatives)

Liy®)} =Y(s)

L{y'(®)} = sY(s) — y(0)

L{y" ()} = s?Y(s) — sy(0) — y'(0)

L{y"' ()} = s°Y (s) — s?y(0) — sy'(0) — y"(0)

L{yMWe)} = s™Y(s) — s"1y(0) — s 2y’ (0) — -+ — y™~D(0)
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1.8 Applications of Laplace Transform
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Use Laplace Transform to solve IVP

Differential Equations (ODEs)
+
Initial Conditions (ICs)
(Time Domain)

Solve ODE

é y (t)3 Solution in

Time Domain

L[]

Algebraic Equations

( s-domain )

L]

Solve Algebraic Equation

' Y(s): Solution in
Laplace Domain
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Solve the initial value problem
y'+y = cost, y(0) =0
Solution
L{y'} + L{y} = L{cos t}
S

sY(s) —y(0)+Y(s) =

s +1
By substituting initial condition y(0) = 0
S
Y —0+4+Y =
sY(s) =0+ Y(s) 211
1)Y =
DY) =
Y(s) =
&)= Gr D2+ 1)
S A Bs +C

= +
(s+1(s?+1) s+1 s?2+1
Use partial fraction to find the variables, A, B, C.

/o

0
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By using partial fractions,

1 S 1
Y(s) = + +
)= 6+n 22+ T 274 D
The solution y(t) is obtained by taking the
inverse of the Laplace transform.

y(t)=—§e + - Cost+ smt

) 0
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Solve the initial value problem
y'" + vy = sin 2t, y(0) = 2, y'(0) =1
Solution:

Let L{y(t)} = Y(s). By using Laplace transform:
L{y""} + L{y} = L{sin 2t}

s2Y(s) —sy(0) —y'(0) + Y (s) =
Substitute the initial condition,

s2Y(s) —s(2)—1+Y(s) =

(s? + 4)

(s? + 4)
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s?Y(s)—2s—1+Y(s) =

(s? + 4)

(s?2+1)Y(s) = 2 i_ D +1+2s

253 4+5°4+85+6
(s2+1)(s%? +4)

Using partial fractions, we can write Y (s) in the form:
As+B C(Cs+D
Y(s) =

_I_
s?2+1 s%2+4

Y(s) =

\
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By expanding the numerator of both sides:

253+ s2+8s+6=(a+c)s®+(b+d)s?+
(4a+c)s+ (4b + d)

Then by comparing the coefficients of like

powers of s we have,
at+c=2 b+d=1
4da+c=8 4b+d=6

2

Thenwe have,a=2,c =0,b =-,d = ~3

w | Ul
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Example 13 ‘ HFHM

sy 25 5¢ 1\ 2/ 1
(S)_SZ 1'3(52 1) 3(52 4)

The solution of given IVP is

5 1
y(t) = 2cost +§sint —§sin2t

,®
\@
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| O£t 41
O B2l

Solve the initial value problem: get) = {
y" +3y"+2y =g(), 4, -
y(0)=0,y"(0) =1 |
1ifo0<st<1
g(t) = {0 if  t>1

Solution (Part 1)

0 L & N

P
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Solve the initial value problem: 4"+ 3y +29 = He - HCE-D)
y"'+3y" +2y =g(), 1
y(0) =0,y"(0) =1
1ifo0<st<1
IO =10 t>1

Solution (Part 2)

- i Q (.\

\J

P
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Solve the initial value problem:

RI|
y'"'+ 3y + 2y = g(t),
y(0) =0,y'(0) =1
_(1ifo<st<1
IO =10 t>1

Solution (Part 3)

o 2 & N

P
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Example 14 HFﬂM
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Solve the initial value problem: —s
\ S4 1 e

y” + 33’, T 2)’ — g(t), s SCS%:43542) S(s%43s+2)
y(0) =0,y'(0) =1 Ye:
1ifo<t<1
g(t) = {0 if  t>1

Solution (Part 4)

Please attempt and | will
upload the full solution soon

o~
Qo
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NEXT LESSON ? [WEBEX 3]

Chapter 1 (Part C)
Solving BVP by using Laplace transform.

Chapter 2 (Part A)
ntroduction of Fourier Series.
Derivation of Fourier Series.

~ourier Series of Even and Odd Functions.

Y >
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Thank You
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