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Geometric Meaning of Differentiation

Differentiation is all about measuring change!
Measuring change in a linear function:

y = a + bx
a = Intercept

b = constant slope i.e. the impact of a unit
change in x on the level of y

Y2 =N
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Geometric Meaning of Differentiation
If the function is non-linear:

40 -

e.g.ify = x?

30 -
(0)

0 1 2 X 4 5 6
Ay o y2=n . .

e vy —x, BIVES slope of the I[ine
connecting 2 points (x;, y;) and (x,,y,) on a
curve

®(2,4)to (4,16): slope = (16'4)/(4_2) =6
e (2,4) to (6,36): slope = ®° ¥/ = 8
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Geometric Meaning of Differentiation

The slope of a curve is equal to the slope of the line
(or tangent) that touches the curve at that point

Total Cost Curve

/

y=x2

4
X

which is different for different values of x
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Geometric Meaning of Differentiation
Example:A firms cost function is

Y = X?
xX AX Y AY
O O
1 +1 1 +1
2 +1 4 +3
3 —+1 o +5
4 —+1 16 —+7
Y = X°
Y+AY = (X+AX)*
Y+AY =X?4+2X AX+AX?
AY = XP4H2X AX+AX? - Y
since Y =X° — AY = 2X AX+AX?
A\ANY
=L —2X+AX

The slope depends on X and AX
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Geometric Meaning of Differentiation

The slope of the graph of a function is called
the derivative of the function

f(x)———hm—

 The process of differentiation involves letting
the change in x become arbitrarily small, i.e.
letting Ax > 0

e e.gif =2X+AX and AX —0

e — =2Xinthe limitas AX =0




Geometric Meaning of Differentiation

the slope of the non-linear function
Y = X?is 2X
* the slope tells us the change in y that
results from a very small change in X
* We see the slope varies with X
e.g. the curve at X=2 has aslope=4
and the curve at X =4 has a slope =8

* In this example, the slope is steeper at
higher values of X




Definition of Derivative or Differentiation

DEFINITION  The derivative of the function f(x) with respect to the variable x is
the function f’ whose value at x is

flx +h) = f(x)

f'x) = lim p

provided the limit exists.
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By using the first principle, find the derivatives of y = f(x) = 5x + 9.

Solution
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Differentiation of Simple Algebraic Function

Derivative of a Constant Function
If f has the constant value f(x) = c, then

af _ d
I = g6 =0.
Power Rule (General Version)
If n 1s any real number, then
ix” = nx""!
dx ’

for all x where the powers x" and x" ! are defined.
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Question 2

Differentiate the following functions with respect to x.

(a) y = V1300882525

dy d
= 1 2525) =
) - dx(x/ 300882525) = 0
(b)y =—+;
dy d( 50)_0
dx dx\ 51/
(c)y =7m
dy d
= 7 =
dx dx( ) =0

(d) y = 8.5 t, where tis a constant.
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. dy : T 3
Find —x of the following functions: (c)y = 3x ] ]
Solution Y = .
(a) y = 4X6 dx B dx (\/)?)
dy d = i( %
= — (4x6) B dx x
dx dx 1.1,
= 4(6)x5"1 = @3
dy d 1 2
2 =24 5 _y ——x 3
dx 8 dx 3x ’
(b)y = 426 (d)y = —5x°
d d
_y= —(4-x_6) dy: 2 (—Exz)
dx  dx dx dx\ 3
= 4(—6)x 61 2-1
dy == (2)x
— = —24x77 4
dx = 3%
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Derivative Constant Multiple Rule
If u 1s a differentiable function of x, and ¢ is a constant, then

a (cu) = c@
dx dx’

Derivative Sum Rule

If v and v are differentiable functions of x, then their sum « + v is differentiable
at every point where u and v are both differentiable. At such points,
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Find Z—z of the following function, y = 100x 22

Solution:
dy d —22
d
= 100 — (x %%
7 (x7=4)
= 100(—=22)x~2%471
d
e e
dx
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Fmd =X of the following function:
(a)y—Zx +4x3 —7x*+6x+9

Solution:

d d
v = —(2x> +4x3 —7x>+6x+9)
dx ~ dx

=—(2x5)+—(4x3)—i(7x2)+i(6x)+i(9)

= Zi(x )+4i(x3)—7 (x2)+6i(x)+i(9)

= 2(5x4) + 4(3x2) 7(2x) + 6(1) +0
= 10x* + 12x%? — 14x + 6
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dy

Find dz of the following function:

__2.3,5
(b) y = S X +6x

Solution:
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Derivative Product Rule

If u and v are differentiable at x, then so is their product v, and

_dv du
—(uv) U + v v
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Find Z—z, if y = 5x°(7x% + 4x).

Solution:
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Derivative Quotient Rule

If u and v are differentiable at x and if v(x) # 0, then the quotient u/v is differ-
entiable at x, and

du dv

d (u _"E—”dx
dx \v /] V2 ’
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Solution:
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Higher Order Derivatives
y=f(x) Original Function
(position /distance/ height)
dy First Derivative
r ol _ 7
yi=r0 = dx (velocity)
v e s A%y Second Derivative
y' =) = dx 2 (acceleration)
d3y Third Derivative
no_ grm L7
s (erk)
d*y Fourth Derivative
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Find the second order derivative of y = x3 + 1.

Solution:

Kami Memimpin We Lead




THEOREM 2—The Chain Rule If f(u) is differentiable at the point u = g(x)
and g(x) is differentiable at x, then the composite function (f ° g)(x) = f(g(x))
1s differentiable at x, and

(f °g)'(x) = fgx))g'x).

In Leibniz’s notation, if y = f(u) and u = g(x), then

dy _ d)’.du
dx du dx’

where dy/du is evaluated at u = g(x).
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Find the derivative, Z—z fory = (5x — 3)”.

Solution
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The derivative of the sine function is the cosine function:

i(sinx) = COSX
dx '

The derivative of the cosine function is the negative of the sine function:

4 (cosx) = —sinx
dx

The derivatives of the other trigonometric functions:

d 2 d 2
——(tanx) = —=(cotx) = —

i (tanx) = sec” x i (cotx) csc™ x

d _ d _

—(secx) = secxtanx (cscx) = —cscxcotx

dx dx
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sin 3x

. dy .
Find— ,ify =
dx’ y cos 4x’

Solution:
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d el

Zt-ln(x) =

—In[ f(x )]_f(x) [ '(x)

d |

dx g? ()= xeIn(a)

9 log [/ (9] = ———— /()
dx = f(x)sIn(a)




Find the derivative, Z—z fory =In(x> +9).

Solution
let u=x3+9,thenwehavey =1lnu
Differentiate with respect to x and u respectively:

du d dy d
_— = — 3 = l
dx dx(x +9) du du(nu)
du 252 dy 1
dx * du u
By using Chain rule,
dy dy du
dx du dx
1
(oo
u
o 3x?
- x349
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Derivatives of Exponential Functions

d . . d . |

—e =e —a =a Ina
dx

d du d du
_ell — ell . _all — all lna_
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(a) Find the derivative, % fory = 2x> — 3e%*

Solution
dy
= 2
dx dx (

= Zi(xS) — 3 (e6x)

x> — 366x)

= 10x* 3(e6x) (6x)
= 10x* 18(66")
(b) Find the derivative, — fory = (%)x

Solution
dy d [/11\*
dx  dx [(17) ]
dy 11\* 11
)
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Implicit Differentiation

1. Differentiate both sides of the equation with respect to x, treating y as a differ-
entiable function of x.

2. Collect the terms with dy/dx on one side of the equation and solve for dy/dx.
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Given that x?y? + xy = 2, find % by using implicit differentiation.

Solution
Differentiate both side with respect to x.

d d
2.,2 _
) 7 (x“y +dxy) Ix ;2)
(24,2 i _
7 (x*y°) + o (xy) T (2)

d d d d
2 2 2 2 —
X< (o) +y —dx(x )+x—dx(y)+y—dx (x)=0

d dy d d dy d
2 & oot 2 % o LN LSy =
x dy(y)dx+y dx(x)+xdy(y)dx+ydx(x) 0
d d
x2(2y)%+2xy2+xd—i/+y=0

d
%(szy +x) = —y — 2xy?

dy —y-—2xy? —y(l+2xy?)
dx  x+2xy?2  x(1+ 2xy?)
dy _ ¥

dx  x
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A parametrized curve
x = f(0), y=g(@)
is differentiable at 7z if fand g are differentiable at 7. At a point on

an differentiable parametrized curve where y is also a
differentiable function of x, the derivative dy . 25 ,and 13}— are
dt  dt dx
related by Chain Rule:
dy dy dx d dy 1
== . or = :
dt dx dt dx dt dx
dt
Sl
if —=0.
; |
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. dy, : : :
Find ﬁ in terms of t for the following parametric equations:

x =t3—t, y =4 —t?
Solution
Differentiate both with respect to t
dx d
—=—>-t)=3t* -1
dtcti dtd( )
y
=—(4—-t%) =-2t
dt dt ( )
By using theorem of differentiation of parametric functions:
dy dy dt
dx dt 'cllx
= (—2t
dy 2t

Kami Memimpin We Lead




Derivatives of Inverse Trigonometric Functions
di(sin' x)= ! x #=x1
X I—x~
di(cos'lx)= ! x # *1
X l_l‘
i(tan-lx)= : K
dx 1+ x°
d A -1
S t X|= -~
x(co x) 1+x~
d 4 1
—(sec x| = X #=x1.0
\( ) |x|-~Jx2 -1
i(cs;c"lx) = ! x #*10
X |x| x“—1
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. . d _
Find the derivative, % fory = cos™! 5x.

Solution

Let u = 5x, then we have y = cos™1

u

Differentiate with respect to x and u respectively:

du d dy d 4
dx dx (5%) du du (cos™"w)
du dy 1
dx du 1 —y2
By using Chain rule,
dy dy du
dx du '1dx
= (-—)®
s V1T g

JI—Gr?  Vi-25x2
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ddx (sinhax) = a coshax

d

T — (coshax) = asinh ax

o — (tanh ax) = a sech? ax

d

T —(csch ax) = —a csch ax coth ax
d

T —(sech ax) = —a sech ax tanh ax

- — (cothax) = —a csch? ax




Find the derivative, % for y = sinh (5x* — 9).

Solution
let u =5x*—09,thenwe have y = sinhu

Differentiate with respect to x and u respectively:

du d dy d
_— = — 4 _ _— = — 1 h
dx dx (5x% =9) du du (sinhw)
A 203 Y — cosh
T X v coshu
By using Chain rule,
dy dy du
dx du dx
= (coshu)(20x3)
= 20x3 coshu

= 20x3 cosh(5x* — 9)
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v' We often need to find tangents and normals to curves when we are analysing forces
acting on a moving body.

v A tangent to a curve is a line that touches the curve at one point and has the
same slope as the curve at that point.

v" A normal to a curve is a line perpendicular to a tangent to the curve.

.7~ Normal to
the curve

Tangent to
the curve

Graph showing the tangent and the normal to a curve at a point.
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Applications Il

* how does demand change with a change in price......

° ed=
proportional change in demand

proportional change in price

AQ/AP AQ P
0/ P =

AP QO




Point elasticity of demand

dQ P
€ = dP Q

€4 1s negative for a downward sloping demand
curve

—Inelastic demand 1f | e4 <1
—Unit elastic demand if | e4 |=1
—Elastic demand 1f | eq [>1




Example 2

If the (inverse) Demand equation is
P =200 — 40In(Q+1)

Calculate the price elasticity of demand

when Q = 20
= Price elasticity of demand: eq = :—g-g <0
= P is expressed 1n terms of Q,
ar __ 2U
dQ  O+1
= Inverse rule = j—g = —Q4—B1
1P
= Hence, eq = —%-6 <0
21 78.22

(where P = 200 — 40In(20+1) = 78.22)
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Application of Derivatives lll: Maxima and Minima

7
Consider the function g(x)=3x"+16x’ +24x” +3.

(i).  Find all the critical points of g(x).

(i). Classify each of the critical point you obtained in part (i) as a maximum or a

minimum (or neither) by using the first derivative test.

Solution (i)
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Application of Derivatives lll: Maxima and Minima

7
Consider the function g(x)=3x"+16x’ +24x” +3.

(i).  Find all the critical points of g(x).

(i). Classify each of the critical point you obtained in part (i) as a maximum or a

minimum (or neither) by using the first derivative test.

Solution (ii)
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Extra Exercise (Please Attempt)

1. By using the first principle, find the derivatives of y = f(x) =
4x

x+1°

2
2. Find Z—i’ ,ify = —%axg + 5bx + 4c where a, b, c are constant.

3. Find the derivative of y = (6x2 + 7)1 by using the chain rule.

fan x

ody
4.F|nddx,|fy— "

5. Find Z—i’,ify =e*+ (x*+1)Inx + 5.

6. Compute the derivative of f(x) = (2x* — 3x + 5)(x? — /x + %).
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Extra Exercise (Please Attempt)

7. Given that x?y? — 2x = 4 — 4y, find % by using implicit
differentiation.

. : d _
8. Compute the derivative, % fory = tan"1(x?).

9. Consider the function f(x) = x* — 2x2.

(a) Find all the critical points of f(x).

(b) Classify each of the critical point you obtained in (a) as minimum
or maximum (or neither) by using first derivative test.
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e Kindly send me an email via asyrafman@usm.my for
any inquires or to set up an appointment for JIM101

consultation.

The tentative due date for e-assignment 1 is

on 29th January 2020.

The intensive course will be held on 28th January
2020 until 13th February 2020. More info will be
announced via e-portal from time to time.
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The continuous assessment will cover the topics from
Webex 1 until Webex 4. Focus should be given on:
Equality of complex number
Polar form of complex number
Argand diagram
Finding range and domain for inverse function
Solving the limit via properties of limits
Continuous function
Continuity test
Product Rule
Quotient Rule
Differentiation of trigonometric functions.
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