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Differentiation is all about measuring change! 
Measuring change in a linear function:

y = a + bx
a = intercept
b = constant slope i.e. the impact of a unit 

change in x on the level of y
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Geometric Meaning of Differentiation



Kami Memimpin  We Lead 4

If the function is non-linear: 
e.g. if y = x2
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-  gives slope of the line 

connecting 2 points (x1, y1) and (x2,y2) on a 
curve 

• (2,4) to (4,16): slope = (16-4)/(4-2) = 6 
• (2,4) to (6,36): slope = (36-4)/(6-2) = 8 

Geometric Meaning of Differentiation
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The slope of a curve is equal to the slope of the line 
(or tangent) that touches the curve at that point

 Total Cost Curve
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which is different for different values of x

Geometric Meaning of Differentiation
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Example:A firms cost function is 
Y = X2

X DX Y DY 
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Y = X2 
Y+DY = (X+DX) 2  
Y+DY =X2+2X.DX+DX2 
DY =  X2+2X.DX+DX2 – Y 
since Y = X2  Þ  DY =  2X.DX+DX2 

X
Y

D
D  = 2X+DX 

The slope depends on X and DX 

Geometric Meaning of Differentiation
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The slope of the graph of a function is called 
the derivative of the function

• The process of differentiation involves letting 
the change in x become arbitrarily small, i.e. 
letting D x ® 0

• e.g if  = 2X+DX and DX ®0 
• Þ = 2X in the limit as DX ®0

x
y

dx
dyxf

x D
D

==
®D 0
lim)('

Geometric Meaning of Differentiation
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the slope of the non-linear function
Y = X2 is 2X

• the slope tells us the change in y that 
results from a very small change in X

• We see the slope varies with X
e.g. the curve at X = 2  has a slope = 4
and the curve at X = 4 has a slope = 8
• In this example, the slope is steeper at 

higher values of X

Geometric Meaning of Differentiation
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Definition of Derivative or Differentiation
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Question 1

By using the first principle, find the derivatives of 𝑦 = 𝑓 𝑥 = 5𝑥 + 9.

Solution
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Differentiation of Simple Algebraic Function
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Question 2

Differentiate the following functions with respect to 𝑥.

(a) 𝑦 = 1300882525
𝑑𝑦
𝑑𝑥

=
𝑑
𝑑𝑥

1300882525 = 0

(b) 𝑦 = −01
02

𝑑𝑦
𝑑𝑥 =

𝑑
𝑑𝑥 −

50
51 = 0

(c) 𝑦 = 7𝜋
𝑑𝑦
𝑑𝑥

=
𝑑
𝑑𝑥

7𝜋 = 0

(d) 𝑦 = 8.5 𝑡 , where t is a constant.
𝑑𝑦
𝑑𝑥

=
𝑑
𝑑𝑥

8.5𝑡 = 0
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Question 3
Find 67

68
of the following functions:

Solution
(a) 𝑦 = 4𝑥:

𝑑𝑦
𝑑𝑥 =

𝑑
𝑑𝑥 4𝑥:

= 4 6 𝑥:<2
𝑑𝑦
𝑑𝑥

= 24𝑥0

(b) 𝑦 = 4𝑥<:
𝑑𝑦
𝑑𝑥 =

𝑑
𝑑𝑥 4𝑥<:

= 4 −6 𝑥<:<2
𝑑𝑦
𝑑𝑥

= −24𝑥<=

(c) 𝑦 = > 𝑥
𝑑𝑦
𝑑𝑥

=
𝑑
𝑑𝑥

> 𝑥

=
𝑑
𝑑𝑥

𝑥
2
?

= (
1
3)𝑥

2
? <2

𝑑𝑦
𝑑𝑥

=
1
3
𝑥<

B
?

(d) 𝑦 = −B
?
𝑥B

𝑑𝑦
𝑑𝑥

=
𝑑
𝑑𝑥

−
2
3
𝑥B

= −
2
3
(2)𝑥B<2

= −
4
3 𝑥
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Differentiation Rules
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Question 4

Find 67
68

of the following function,  𝑦 = 100𝑥<BB

Solution:
𝑑𝑦
𝑑𝑥 =

𝑑
𝑑𝑥 100𝑥<BB

= 100
𝑑
𝑑𝑥

𝑥<BB

= 100 −22 𝑥<BB<2

𝑑𝑦
𝑑𝑥 = −2200 𝑥<B?
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Question 5 (a)

Find 67
68

of the following function:
(a) 𝑦 = 2𝑥0 + 4𝑥? − 7𝑥B + 6𝑥 + 9

Solution:

𝑑𝑦
𝑑𝑥

=
𝑑
𝑑𝑥

2𝑥0 + 4𝑥? − 7𝑥B + 6𝑥 + 9

=
𝑑
𝑑𝑥 2𝑥0 +

𝑑
𝑑𝑥 4𝑥? −

𝑑
𝑑𝑥 7𝑥B +

𝑑
𝑑𝑥 6𝑥 +

𝑑
𝑑𝑥 9

= 2
𝑑
𝑑𝑥 𝑥0 + 4

𝑑
𝑑𝑥 𝑥? − 7

𝑑
𝑑𝑥 𝑥B + 6

𝑑
𝑑𝑥 𝑥 +

𝑑
𝑑𝑥 9

= 2 5𝑥C + 4 3𝑥B − 7 2𝑥 + 6 1 + 0
= 10𝑥C + 12𝑥B − 14𝑥 + 6
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Question 5 (b)

Find 67
68

of the following function:

(b) 𝑦 = −B
?
𝑥? + 0

:
𝑥

Solution:
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Differentiation Rules
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Question 6
Find 67

68
, if 𝑦 = 5𝑥:(7𝑥B + 4𝑥).

Solution: 
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Differentiation Rules
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Question 7
Find 67

68
, if 𝑦 = C8D?

B8<2
, 𝑥 ≠ 2

B

Solution:
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Higher Order Differentiation
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Question 8
Find the second order derivative of  𝑦 = 𝑥? + 1.

Solution:
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The Chain Rule
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Question 9

Find the derivative,  
67
68 for 𝑦 = (5𝑥 − 3)=.

Solution
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Differentiation of Trigonometric Functions



Kami Memimpin  We Lead

Question 10

Find 67
68

, if 𝑦 = GHI ?8
JKG C8

,

Solution:
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Differentiation of Logarithmic Functions
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Question 11

Find the derivative,  67
68

for 𝑦 = ln(𝑥? + 9) .

Solution
Let     𝑢 = 𝑥? + 9, then we have 𝑦 = ln 𝑢
Differentiate with respect to 𝑥 and 𝑢 respectively:

𝑑𝑢
𝑑𝑥 =

𝑑
𝑑𝑥 𝑥? + 9

𝑑𝑦
𝑑𝑢 =

𝑑
𝑑𝑢 ln 𝑢

𝑑𝑢
𝑑𝑥

= 3𝑥B
𝑑𝑦
𝑑𝑢

=
1
𝑢

By using Chain rule,
𝑑𝑦
𝑑𝑥 =

𝑑𝑦
𝑑𝑢 .

𝑑𝑢
𝑑𝑥

=
1
𝑢

3𝑥B

=
3𝑥B

𝑥? + 9
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Differentiation of Exponential Functions
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Question 12

(a) Find the derivative,  67
68

for 𝑦 = 2𝑥0 − 3𝑒:8

Solution
𝑑𝑦
𝑑𝑥 =

𝑑
𝑑𝑥 (2𝑥

0 − 3𝑒:8)

= 2
𝑑
𝑑𝑥 𝑥0 − 3

𝑑
𝑑𝑥 (𝑒

:8)

= 10𝑥C − 3(𝑒:8)
𝑑
𝑑𝑥 (6𝑥)

= 10𝑥C − 18(𝑒:8)
(b) Find the derivative,  67

68
for 𝑦 = (22

2=
)8

Solution
𝑑𝑦
𝑑𝑥 =

𝑑
𝑑𝑥

11
17

8

𝑑𝑦
𝑑𝑥 =

11
17

8
ln
11
17
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Differentiation of Implicit Functions
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Question 13
Given that 𝑥B𝑦B + 𝑥𝑦 = 2, find  6768 by using implicit differentiation.
Solution
Differentiate both side with respect to x.

𝑑
𝑑𝑥 𝑥B𝑦B + 𝑥𝑦 =

𝑑
𝑑𝑥 (2)

𝑑
𝑑𝑥 𝑥B𝑦B +

𝑑
𝑑𝑥 𝑥𝑦 =

𝑑
𝑑𝑥 2

𝑥B
𝑑
𝑑𝑥

𝑦B + 𝑦B
𝑑
𝑑𝑥

𝑥B + 𝑥
𝑑
𝑑𝑥

𝑦 + 𝑦
𝑑
𝑑𝑥

𝑥 = 0

𝑥B
𝑑
𝑑𝑦 𝑦B

𝑑𝑦
𝑑𝑥 + 𝑦

B 𝑑
𝑑𝑥 𝑥B + 𝑥

𝑑
𝑑𝑦 𝑦

𝑑𝑦
𝑑𝑥 + 𝑦

𝑑
𝑑𝑥 𝑥 = 0

𝑥B(2𝑦)
𝑑𝑦
𝑑𝑥 + 2𝑥𝑦

B + 𝑥
𝑑𝑦
𝑑𝑥 + 𝑦 = 0

𝑑𝑦
𝑑𝑥 2𝑥By + x = −𝑦 − 2𝑥𝑦B

𝑑𝑦
𝑑𝑥 =

−𝑦 − 2𝑥𝑦B

𝑥 + 2𝑥𝑦B =
−𝑦(1 + 2𝑥𝑦B)
𝑥(1 + 2𝑥𝑦B)

𝑑𝑦
𝑑𝑥 = −

𝑦
𝑥



Kami Memimpin  We Lead

Differentiation of Parametric Functions
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Question 14

Find 67
68

in terms of 𝑡 for the following parametric equations:
𝑥 = 𝑡? − 𝑡, 𝑦 = 4 − 𝑡B

Solution
Differentiate both with respect to 𝑡

𝑑𝑥
𝑑𝑡 =

𝑑
𝑑𝑡 𝑡? − 𝑡 = 3𝑡B − 1

𝑑𝑦
𝑑𝑡

=
𝑑
𝑑𝑡

4 − 𝑡B = −2𝑡
By using theorem of differentiation of parametric functions:

𝑑𝑦
𝑑𝑥 =

𝑑𝑦
𝑑𝑡 .

𝑑𝑡
𝑑𝑥

= −2𝑡 (
1

3𝑡B − 1
)

𝑑𝑦
𝑑𝑥 = −

2𝑡
3𝑡B − 1
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Differentiation of Inverse Trigonometric  Functions
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Question 15
Find the derivative,  67

68
for 𝑦 = cos<2 5𝑥 .

Solution
Let     𝑢 = 5𝑥, then we have 𝑦 = cos<2 𝑢

Differentiate with respect to 𝑥 and 𝑢 respectively:
𝑑𝑢
𝑑𝑥 =

𝑑
𝑑𝑥 5𝑥

𝑑𝑦
𝑑𝑢 =

𝑑
𝑑𝑢 cos<2 𝑢

𝑑𝑢
𝑑𝑥 = 5

𝑑𝑦
𝑑𝑢 = −

1
1 − 𝑢B

By using Chain rule,
𝑑𝑦
𝑑𝑥 =

𝑑𝑦
𝑑𝑢 .

𝑑𝑢
𝑑𝑥

= −
1

1 − 𝑢B
5

= −
5

1 − 5𝑥 B
= −

5
1 − 25𝑥B
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Differentiation of Hyperbolic Functions
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Question 16

Find the derivative,  
67
68

for 𝑦 = 𝑠𝑖𝑛ℎ (5𝑥C − 9).

Solution
Let     𝑢 = 5𝑥C − 9, then we have 𝑦 = sinh 𝑢

Differentiate with respect to 𝑥 and 𝑢 respectively:
𝑑𝑢
𝑑𝑥

=
𝑑
𝑑𝑥

5𝑥C − 9
𝑑𝑦
𝑑𝑢

=
𝑑
𝑑𝑢

sinh 𝑢
𝑑𝑢
𝑑𝑥 = 20𝑥?

𝑑𝑦
𝑑𝑢 = cosh 𝑢

By using Chain rule,
𝑑𝑦
𝑑𝑥

=
𝑑𝑦
𝑑𝑢

.
𝑑𝑢
𝑑𝑥

= cosh 𝑢 20𝑥?
= 20𝑥? cosh 𝑢
= 20𝑥? cosh(5𝑥C − 9)
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Application of Derivatives I: Tangent and Normal Lines

ü We often need to find tangents and normals to curves when we are analysing forces 
acting on a moving body.

ü A tangent to a curve is a line that touches the curve at one point and has the 
same slope as the curve at that point.

ü A normal to a curve is a line perpendicular to a tangent to the curve.
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• how does demand change with a change in price……

• ed= 

= P
P

Q
Q DD

 =   Q
P.

P
Q
D
D

 

priceinchangealproportion
demandinchangealproportion

Applications II 

Application of Derivatives II: Demand and Change in Price
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Point elasticity of demand 

ed  = Q
P
.

dP
dQ

 

ed is negative for a downward sloping demand 
curve 
–Inelastic demand if | ed |<1 
–Unit elastic demand if | ed |=1 
–Elastic demand if  | ed |>1 

Application of Derivatives II: Price Elasticity of Demand
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Example 2
If the (inverse) Demand equation is 
P = 200 – 40ln(Q+1) 
Calculate the price elasticity of demand 
when Q = 20 

§ Price elasticity of demand: ed  = 
Q
P
.

dP
dQ    <0 

§ P is expressed in terms of Q,  

1
40
+

-=
QdQ

dP
 

§ Inverse rule Þ 40
1+

-=
Q

dP
dQ  

§ Hence, ed  = Q
P
.

40
1Q +

-      < 0 

§ Q is 20 Þ ed  = 20
78.22
.

40
21

-  = -2.05 

(where P = 200 – 40ln(20+1) = 78.22) 

Application of Derivatives II: Price Elasticity of Demand
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Application of Derivatives III: Maxima and Minima

Solution (i) 
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Application of Derivatives III: Maxima and Minima

Solution (ii) 
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Extra Exercise (Please Attempt)

1. By using the first principle, find the derivatives of 𝑦 = 𝑓 𝑥 =
C8
8D2 .

2. Find 67
68

, if 𝑦 = −?
C
𝑎𝑥

\
] + 5𝑏𝑥 + 4𝑐 where 𝑎, 𝑏, 𝑐 are constant.

3. Find the derivative of 𝑦 = (6𝑥B + 7)<2 by using the chain rule. 

4. Find 6768 , if 𝑦 = deI 8
8 .

5. Find 67
68

, if 𝑦 = 𝑒8 + 𝑥C + 1 ln 𝑥 + 5.

6. Compute the derivative of 𝑓(𝑥) = (2𝑥C − 3𝑥 + 5)(𝑥B − 𝑥 + B
8).
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Extra Exercise (Please Attempt)

7. Given that 𝑥B𝑦B − 2𝑥 = 4 − 4𝑦, find  67
68

by using implicit 
differentiation.

8. Compute the derivative,  6768 for 𝑦 = tan<2(𝑥?) .

9. Consider the function 𝑓 𝑥 = 𝑥C − 2𝑥B.
(a) Find all the critical points of 𝑓 𝑥 .
(b) Classify each of the critical point you obtained in (a) as minimum 
or maximum (or neither) by using first derivative test. 
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• Kindly send me an email via asyrafman@usm.my for
any inquires or to set up an appointment for JIM101
consultation.

• The tentative due date for e-assignment 1 is
on 29th January 2020.

• The intensive course will be held on 28th January
2020 until 13th February 2020. More info will be
announced via e-portal from time to time.

http://usm.my
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The continuous assessment will cover the topics from
Webex 1 until Webex 4. Focus should be given on:
• Equality of complex number
• Polar form of complex number
• Argand diagram
• Finding range and domain for inverse function
• Solving the limit via properties of limits
• Continuous function
• Continuity test
• Product Rule
• Quotient Rule
• Differentiation of trigonometric functions.
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THANK YOU

^_^


