MAT201 ApvaANCcE CALCULUS

Total Differential

Recall that for a differentiable function of one variable, say y = f(x), we define the differential
dz to be an independent variable; that is, dx can be given the value of any real number. The
differential of y is then defined as

dy = f'(x)dz
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In the above figure, we can see the relationship between Ay and the differential dy where Ay
represents the change in height of the curve y = f(z) and dy represents the change in height of
the tangent line when x changes by an amount dr = Ax.

We can easily extend this for function of two variables, z = f(z,y). We define the differentials
dr and dy to be independent variables, which means they can be assigned any values. Then,
differential or also call total differential, is defined by the following equation.

0z 0z
(1) dz = fo(z,y)de + f,(z,y)dy = 5-dz + %dy‘

If we take dr = Az =2 — a and dy = Ay = y — b, we will have

dz = fy(a,b)(x —a) + f,(a,b)(y — b).
So, using the notation of total differential, we get the linear approximation written as f(z,y) ~
f(a,b) + dz. Figure below depicts the geometric interpretation of the differential dz and the
increment Az. dz is the change in height of the tangent plane and Az is the change of height
of the surface z = f(z,y) as (z,y) changes from (a,b) to (a + Az, b+ Ay).
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Example 1. (a)lf z = f(z,y) = 2% + 3zy — y*, find the differential dz. (b) If z changes from 2
to 2.05 and y changes from 3 to 2.96, compare the values of Az and dz.

Solution. From (1)
0z 0z
dz = gdﬂ: + d—ydy = (2z + 3y)dx + (3x — 2y)dy.

Putting x = 2, dov = Ax = 0.05, y = 3, and dy = Ay = —0.04, we get

dz = [2(2) + 3(3)]0.05 + [3(2) — 2(3)](—0.04) = 0.65.
Meanwhile,

Az = f(2.05,2.96) — f(2,3)
= [(2.05)? + 3(2.05)(2.96) — (2.96)%] — [2% + 3(2)(3) — 3?]
= 0.6449.

We notice that Az &~ dz but dz is easier to compute.

Functions of three or more variables.

For function of three variables, linear approximations, differentiability, and differentials can be
defined in a similar manner. For such functions the linear approximation is

f(:r,y,z) ~ f(avbﬂ C) + fx(a':b=c)($ - (1) + fy(a'=b=c)(y - b) + fZ(a=b=C)(Z - C)

and the linearization of L(x,y, z) is the right hand side of the above equation. If w = f(x,y, 2),
then the increment of w is

Aw = f(x + Az,y + Ay, z + Az) — f(z,y, 2).

The differential dw is defined in terms of the differentials dz, dy, and dz of the independent
variables by
ow ow ow

dw = adx + d_ydy + 50]?;.

Example 2. The dimension of a rectangular box are measured to be 75 cm, 60 cm, and 40 cm,
and each measurement is correct to within cm. Use differentials to estimate the largest possible
error when the volume of the box is calculated from these measurements.

Solution. If the dimension of the box are x, y and z, its volume is V = zyz and so,

dV = C,}—Vda: + (?—Vd-y + (:}—de =yzdr + xzdy + xydz.
Ox dy 0z

We are given that |Az < 0.2, [Ay| < 0.2, and |Az|] < 0.2. To find the largest error in the
volume, we therefore use dr = 0.2, dy = 0.2, and dz = 0.2 together with x = 75, y = 60, and
z = 40.



AV & dV = (60)(40)(0.2) + (75)(40)(0.2) + (75)(60)(0.2) = 1980.

Thus, an error of only ¢m in measuring each dimension could lead to an error of as much as
1980 cm in the calculated volume! This may seem like a large error, but it’s only about 1% of
the volume of the box.

The Chain Rule

Recall from MAT101, for function of single variable, the chain rules gives the rule for differen-
tiating a composite function. If y = f(z) and x = g(t) where f and g are differentiable, then y
is indirectly a differentiable function with respect to ¢,

dy dy dx
dt — dxdt

Theorem 1. (Case 1 of the Chain Rule) Suppose that z = f(x,y) is a differentiable function
of © and y, where x = g(t) and y = h(t) are both differentiable functions of t. Then, z is a
differentiable function of t and

dz 3fdx+6fdy

dt Oz dt Oydt
Proof. A change of At in ¢ produces changes of Az in # and Ay in y. These, in turn, produce
a change of Az in z, and we have

Of Ny OF

Az = — aJ, 8 —Ay+ 1Az 4 oAy

where €, — 0 and €5 — 0 as (Az, Ay) — (0,0). Dividing both sides of this equation by At, we
have
Az  OfA of A Ax A
z_0fAx OfAy o 2T Y
At 0z At dy At At T PAE

If we now let At — 0, then Az = g(t + At) — g(t) — 0 because g is differentiable and therefore
continuous. Similarly, Ay — 0. This, in turn, means that ¢, — 0 and e; — 0, so
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By using a more familiar notation o to replace d—i, the Chain Rule for this case can be
d: _0:dv | 0:dy
dt Oz dt  Oydt

_ 2 1 o ] _ . dz —
Example 3. If z = 2%y + 3zy", where z = sin 2t and y = cost, find <F when ¢ = 0.

rewritten as

Solution. The Chain Rule gives
dz  Ozdx z dy
d " ordt oydt
= (2zy + 3y*)(2 cos 2t) + (z* + 122y®)(—sint)
It’s not necessary to substitute the expressions for z and y in terms of t. We simply observe
that when ¢t = 0, we have x =sin() = 0 and y = cos(0 = 1. Therefore,

dz

— | = (0+3)(2c0s0) + (0 + 0)(—5in 0) = 6

Theorem 2. (Case 2 of the Chain Rule) Suppose that z = f(x,y) is a differentiable function
of x and y, where v = g(s,t) and y = h(s,t) are both differentiable functions of s and t. Then,
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Example 4. If z = e*siny,where z = st? and y = st?, find % and %

Solution. Applying Case 2 of the Chain Rule, we get
0 0z0x 0z0 , .
c)_i = c)_id_i + d_ud_% = (e"siny)(t?) + (e" cosy)(2st)
= 2™ sin(s*t) + 2ste™” cos(s*t)
0: _0z00  0:0y
ot Ox ot  Oyot

= 2ste™ sin(s’t) + 5% cos(s71)

= (" siny)(2st) + (e cosy)(s?)

Theorem 3. (General version of the Chain Rule) Suppose that u is a differentiable function of

n variables xy,xa, ..., x,and each x; is a differentiable function of the m variables t,to, ... t,,.
Then, u is a function of ty,ta, ... t,, and
du Ju dry  Ou Oxs ou Oz,

= - - + - + ...+ .
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for eachi=1,2,...,m.

Example 5. Write out the Chain Rule for the case where w = f(x,y, z,t) and x = z(u,v),y =
y(u,v), z = z(u,v), and t = t(u,v).

Solution. We apply Theorem 3 with n = 4 and m = 2. Then,
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Example 6. If g(s,t) = f(s? —t?,t* — s?) and f is differentiable, show that g statifies the
equation

t@—F@@—O

Solution. Let x = s* —t* and y = t* — s°. Then g(s,t) = f(x,y) and the Chain Rule gives
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Therefore,
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Example 7. If z = f(x,y) has continuous second-order partial derivatives and x = r? + s and

Oz 0z
y = 2rs, find (a) 9 ¢ (b) o2

Solution.
(a)The Chain Rule gives

0z 0z0x 0z 61; Dz . z
or Oz or o oyor :r.’(??) * ay(gs)

(b)Applying the Product Rule to the expression in part (a), we get

0z e 8,., 0 z
But, using the Chain Rule again we have
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Putting these expressions into
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