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1. Use chain rule to find Z—JZ for the following functions.

Recall the formula for Chain Rule of the first case given by:
G _ofds ofdy  0fd:
dt — Ocdt Oydt Ozdt

(a) f(z,y) =22 +y> z=t y=1t.

d d
Solution. First we compute %, d—f, % and d_?i We have,
of 1

d 0

O L yypyingpe 2y O
x

Then,

af T Yy

= + 2t
ity ety

(b) flz,y) =in(z +y), =€, y=e"

Solution. Similar to Question (a),
af 1 de , of _ 1 dy

= — =e = =ec
or x+y dt Oy x+y  dt

Then,
df et et 2¢t
- = + =
dt z+y z4+y x4y

(c) f(z,y,2) = 2® + y> + 2* along the curve r(t) = (cos(t), sin(t), 3t).

Solution. Since this is a function of three variables, then,
G _ofde ofdy  ofd:
dt — Ordt Oydt 0zdt

So, we have

Z_JZ — (22)(—sin(t)) + (3y%)(cos()) + (42°)(3)

af . of

Vg dt Oy iy

2. Find = and — for the following functions. For this question we shall use the formula of

Chain Rulg for Case 2.
Gf_ﬁfa_x_i_@f@_'_@f@

ds  Ords  Oyds 0z0s’

and

Of _0fdr  0fdy 050
ot ox ot Oyot 0z0t



(a) f(r,0) =e cosb, r =st, 0 = /s> +t2.

Solution.
g-e’“cos@ &— g—_e’"sjne @_;
or T 9s 00 ©0s St 2
Then,
of _ s ( ssin 6 )
— =¢€"cosbt—e"sinl—— =¢€" | tcost) — ——
9s N W
For ﬁ, the partial derivatives g and ﬁ can be used from the earlier part.
ot or ol
or_ 00t
oot 2t
Then,

g =e"cosf.s —¢€" sin@L e’ (SCOSQ — ﬂ)

ot NEEE- Vs 12

(b) f(xay):erQ,$:3_t2,y:t—82.

Solution.
8f 2 zy? ox 8f 2 8y
= z _— = 1 _— = 2 Y _— = —2
or ¢ B Oy T s °
Then,
0
9f = y2e‘”92 — 4sxyez92
0s
0 0 0
For —f, the partial derivatives —f and —f can be used from the earlier part.
ot ox dy
ox oy
—=-2t, —=1
ot ot
Then,
@ 2 2
9/ = —2ty*e™ + 2wye™
0s

(c) flz,y,2) =a® + 3> +222, =t +s,y=1>+s* 2=t —s.

Solution. Solution. Using similar procedure as in the previous question (but use formula
for function of 3 variables), we obtain

of of
- = —==2 12ys — 4
De Ds T + 12ys z,



0
a—“: =2x 4+ 12yt + 4z.
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3. Consider the function u(z,y,z) = — + = where z = rset +r, y = ste" + s and z = rte® +t.
y oz

., of Of af
Find 5 s and ETR

Solution. For this question, we shall utilize the following formula:

ou aua_:z: 8u@ ou 0z

or ~dzor " oyor  ozor
Ou_oude  oudy | oud:
ds Ox0s Oyds 0z0s

and

Oou Oudr Oudy Oudz

ot owot oyot  ozot

Upon computation, we will have

0 423 1 2 -3
a_zf = (%) (se' +1) + (—? + Z—g) (ste") + <— J

ou 4 . 1 2y ; —3y

and

ou 43 . 1 2y , —3y?
i <7) (rse’) + (—E+;> (se") + (— o

4. Find the stated derivatives for the functions given.

For question (a) and (b), we shall use the Implicit Differentiation formula given by:

OF
dy_ or _ It
dx or Iy
dy
for F'(z,y,z) =0.
Meanwhile, for (¢) and (d), the following formula is used
OF
0 oy F

%~ 0F =T,
0z

%: ay = Fy

)oe .
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(a) Find d—y if \/z+ 3y = cos(z* + 2)
T

Solution. .
dy 5(:17 + 3y)~Y2 fsin(2? + 2).22
dv 3
dr 5(35 + 3y)~1/2
b) Find 22 it — ¢ 2
(b) Fin el e i an(z) + xy
Solution.
dy  2x(x®+1)"% —sec?(x) 4y
de 2yx
0
(c¢) Find % and 8—; if y2(2y + 1) = sin(xy) — 2y
Solution.
0z —cos(zy) + y?
ox 202 +y

and
0z  4yz+ z— cos(zy + 2yw)

ay 2y% +y
., Ow ow . ) s
(d) Find s and s if In(2s + 1) + cos®(2s + tw) = T

Solution. )
ow TS + 4 cos(2s + tw) — n
Os 2w cos(2s + tw)
and 5
02 2w cos(2s + tw) + 7
ot 2w cos(2s + tw)

5. Find the directional derivative of the function at the point given in the direction of the vector
V.

The procedures for Question 5 involves the following steps.
1. We compute the gradient vector, V f.

2. find the unit vextor u from the given v.

3. Compute D, f(xg,y0) = V[ - u.

(a) f(z,y) =142z, (5,6), v=(9,16)

Solution.

Vf= <fxafy> = <2\/§a xy_1/2>
Then from v = (9, 16), we have

(9,16) (9 16
u = = )
V2162 /337 /337

)



Thus,

9 16
D, ) = (2 , —1/2y —_— —
fy) = @Voay™ ) pee s
9 16
DU 576 - 2\/6, 5 6_1/2 (Y, —
£6.6) = (28, (5)(6) %) (o )
~ 1.9099
(b) g(r,s) = arctan(rs), (1,2), v = 5i + 10j
Solution.
— 8 r >

Then from v = (5,10), we have
ue (210 _ 5 10,
V524102 V1257 V125

5 10

Duf<r’8> = <1+ (7«3)2’ 1+(rs)2> ' <\/ﬁ’ \/ﬁ
9 1 5 10

Duf(1,2) = <1+(1 X 2)2 1+ (1 x 2)2> ' <\/ﬁ5’ V125
~ 0.7562

Thus,
)

)

(C) f(x,y, Z) = \/SC_yZ, (37276)7 V= <_17 _272>

Solution.
VI = far fy o) = (yz(ayz) " z(eyz) ™, wy(ayz) ')

Then from v = (—1, -2, 2), we have
(122 o122

e

Thus,
Duf(@,4) = {y=lay) ™, w2y ylay) ) (5 20 D)
D.J(3,2,6) = ()O)(B)D(6) % BIE(B))E) 2 BRG@6) ™) (53 3)
= 23,1555 3)
- %6 _ 9

6. From functions in Question 5, find the maximum rate of change for all Subquestions (a), (b)

and (c) (Note: The direction v is not used in this question).



Solution.
We will just show for question 5(a). The rest can be done using similar steps. We previously
obtain that

Vi y) =2y, 2y %)
Vf(5,6) = (2v6,(5)(6)""/?)

The maximum rate is given as |V f|,

V£(5,6)] = [(2V6, (5)(6) )]

e ()

~ 5.3072

and at (5,6),

2 2 2

7. Show that the equation of the tangent plane to the ellipsoid x_2 + L + — =1 at the point
a

b2 2
(20, Yo, 20) can be written as
TTo  YYo |, <20

@ e et
Solution. From the given function, we have
2z 2y 2z
f:czﬁa fy:ﬁa fzzg

At (0, Yo, 20),

2 2y 2z
fx($07y0720) = CL_207 fy($07y0,z0) = b_207 fz(x()?yO,zO) = 6_20

Substituting the partial derivatives into the equation of tangent plane,

2z 20 229
azo ( — x0) + b2 —5 (Y —vo) + —(Z —20) =0

2xg 210 229 2w0 2y0 220
—:B+—b2 +—22— 2 +_62+_02 =0
2 2 2

et Ry+Se-2=0

Therefore,
YYo

a? b2 c?



